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On the Nonergodicity of the Transverse Magnetization
in the Transverse Ising Model
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The nonergodic behavior exhibited by the transverse spin correlation function
7=o(#) of the transverse Ising model obtained as the solution of approximate
kinetic equations (derived on the basis of Résibois and De Leener’s method), is
shown to be an intrinsic property of the model and not the result of the
approximations made in the derivation of the kinetic equations.
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1. INTRODUCTION

The transverse Ising model (TIM) is known to give a suitable description of
systems in which a dominant role is played by a restricted number of
low-lying energy eigenstates.(’"?-* Order—disorder ferroelectrics (e.g.,
KDP),”® Van Vleck paramagnets,‘*> and systems showing a cooperative
Jahn-Teller phase transition'® are the most studied systems within the
TIM.

The TIM is described by the following spin-1/2 Hamiltonian:

= —qs* — 1 g2
H=-Q57, N%VquS_q (1

where {2 represents the strength of the transverse field and V, stands for the
Fourier transform of the interaction between the z-spin-component opera-
tors. For instance, in the case of order—disorder ferroelectrics, widely
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studied within the TIM, the eigenstates of the pseudospin operator $* = +
1/2 can be assigned to two polar configurations (dressed dipoles) with a
dipole moment in the +:z and —z directions. For these systems, Q
represents the tunneling frequency between the two polar configurations.
As uvsual for spin systems, the dynamics of this model is conveniently
formulated in terms of the dynamical spin correlation functions (CF),

TeP(1) = CASF (N ASE > = (S(DSE D —(SXSED, e, B=x,p,2

2)
These canonical ({ - - - >) averages of the correlations between the fluctu-
ating “coordinates”
o 1 . igR;
ASS = —— Dre"RAS” (3
9 ‘/N ; )

provide an essential picture of the dielectric or magnetic susceptibilities and
the dynamical form factors for systems described by the TIM.

Among the studies on the dynamics of the TIM let us mention those in
which the spin correlation or relaxation functions are obtained (i) by means
of a perturbation expansion,®>” (ii) as numerical solutions of kinetic
equations derived by the authors,'®-'D and (iii) by means of Mori’s contin-
ued fraction representation'? applied to these functions. !

A common result of these studies which cover the whole para region
(00 > T > T,) lies in the nonergodic behavior of the transverse CF I'7L (7):

tlgg) I'7lo(1) = const 4

For instance, the numerical resolution of the kinetic equations for the CF
obtained for the TIM by using Résibois and De Leener’s method‘!'¥ shows
that, at T = oo and for 0.3 < £/ ¥, 0.9 (i.e., in the resonant regime!'? for
the other F‘;B), o approaches a positive plateau value p,

p=3[1—exp(—AQ/Vy)] ®)

in the long-time range.\'® The coefficient A depends on the nature of the
interaction (nearest neighbor, dipolar, or mixed) and on the type of spin
configuration considered in the calculation. Equation (5) indicates that p
vanishes in the Ising limit, i.e., when @ — 0.

Unfortunately, the transverse CF of the TIM is not related to any
measurable quantity. Although a test of Eq. (4) could be found via the
relation!!>1®

Jim T32o(r) = (1/ B)[ X7 = x,%0(0)] ©

where x;* represents the isothermal (thermodynamic) susceptibility and
X,=0(0) stands for the static, isolated (Kubo) susceptibility, the situation is
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complicated by the fact that the formulation of the transverse electric
susceptibility in order—disorder ferroelectrics is entirely different from that
of transverse magnetic susceptibility in ferromagnetic crystals.

Indeed, if in both cases the interaction term of the Hamiltonian is
2, VySTS;, then the transverse susceptibility in the magnetic case comes
from the term proportional to S7_, (or S7_), whereas in the ferroelectric
case it comes from the term proport1onal to §;_, [see Eq. (8) below].("”
This particularity can be illustrated in the case of KDP-type ferroelectrics
as follows. Let us first recall that, in these ferroelectrics of crystal axes
(a, b,c) denoted below by (x,v,2),* the H bonds nearly lie in the plane ab
perpendicular to the spontaneous polarization ¢ axis. The polarization is
essentially due to the displacements of the heavy ions (e.g., K*, P°* ions in
KH,PO,), which are strongly coupled to the hydrogen ion displacements
from one side of their bonds to the other, the phase transition being
triggered by the hydrogen ordering. For instance, to obtain the longitudinal
susceptibility we assign the quantization z axis of the pseudospin space to
the crystal 2 axis. Namely, for an external field in the Z direction we
should add to the TIM Hamiltonian (1) the term

= —pE;S8_ @)
where p,, is the effective value of the 2-axis dipole moment (i.e., essentially
the contribution of the heavy-ion displacements). On the other hand, to
obtain the transverse susceptibility one assumes that the pseudospin space

axis z lies in the crystal plane xv (ab for KDP) perpendicular to the 2 axis.
Namely, for a field in the x direction we should add to Eq. (1) the term

= —PES{-0 (®)
where p, is the effective value of the x-axis dipole moment (i.¢., essentially
the contribution of the hydrogen-ion displacements).

In spite of this lack of experimental information about I';Z(#), the
authors questioned the nonergodicity of S*. This still-open question may be
expressed as follows. Does the nonergodicity of $* appear only as a result
of the approximations made in the derivation of the kinetic equations for
the dynamical CF, or is it an intrinsic property of the three-dimensional
TIM Hamiltonian (1)? In the following sections we shall examine these two
aspects of the problem.

2. THE KINETIC EQUATIONS APPROACH

Let us consider the kinetic equations for the CF obtained by applica-
tion of the method of Résibois and De Leenert'® to the TIM.(3-1018) Thege

4 The crystal axes (%,Y,2) have to be a priori distinguished from the pseudospin axes (x, y, z).
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kinetic equations give the time evolution, valid in the Weiss limit,"'” of the
normalized CF T3(1). These normalized CF I'%%(r) are related to the usual
CF I“;B(t) [see Eq. (2)] and their equilibrium forms T;B(O) as. follows:

0 = 2O, By =x 5.2 ©

provided the initial nonequilibrium correlations are neglected.('” For the
transverse CF I'7*(7) the kinetic equation reads, at any temperature,

2 T5(r) = 2V (SHIY(r) + 2 fotd" GO - (19

The kernels G;7(f) are nonlinear functionals of different normalized CF
re(e:
q

67(1)= 67((Fy (1)) = S A6 (1) (an

and appear as power series of a renormalized interaction®® indicated by
the counting parameter A. It must be clear that the resolution of Eq. (10)
requires the simultaneous resolution of similar kinetic equations for all
other CF f‘;”(t) coupled to I’;"(t) (see Refs. 9,10 for such a system of
coupled kinetic equations for the TIM in the region T > 7).

Assuming that the series in Eq. (11) are convergent (as has been
checked'® numerically up to order A* for T = T,), we can approximate
Eq. (11) in the Markovian limit by

lim 2 T%(r) = ) { [Fepe) dz’}ry(t) (12)

o0 Ot
taking account of the numerical result
tlgg) I'g“(t) =0, a=x,y,z (13)

Now, from the explicit forms of the kernels Gq”(z)(t) reported in the
Appendix, it is simple but tedious to deduce that at any temperature

fo GAP(1)dt=0, y=x,y.z (14)
if one uses the numerical results [Eq. (13)] and
Im (=0, a=x,y (15)

and the exact kinetic equations
9 Tra — T yo =
37 L0y = —QLp2(0), a=Xx,9,z (16)

Consequently, Egs. (12) and (14) show that Eq. (4) is correct up to O(A?).
This result has been checked numerically for the temperature range [oo,
T, — AT], where AT = 10 deg.('®
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It was first suggested that the use of higher order terms in the kinetic
equations should remove this nonergodic behavior of §*.¢) Unfortunately
this suggestion cannot be checked, as the numerical resolution of Eq. (10)
up to a higher order than A? is too prohibitive to be tentatively performed.
We thus turned to a motion constant approach.

3. THE MOTION INVARIANT APPROACH

The nonergodicity of S$* has been already demonstrated for the
one-dimensional, spin-1/2 TIM at any temperature. Mazur‘®V has shown the
nonergodicity of the z component of the magnetization in the one-
dimensional, spin-1/2, x—y model of Hamiltonian

N
H= _21 [(1 + SIS+ (= 7)SSh - BSin

Since for y =1 this model reduces to the TIM, Mazur’s result implies the
nonergodicity of $* in the TIM, Eq. (1), for a linear chain of spin 1/2
whatever T is. This nonergodicity of I';Z () has been also obtained as a
by-product of an exact calculation of the dynamical properties of the
one-dimensional TIM in the limits 7 = oo and T = 0.?” Both results(?*?D
are based on the diagonalization of one-dimensional Hamiltonians and
cannot be extended to spin configurations of higher dimension.

To see if the nonergodic behavior of IPZo(0), Eq. (4), is an intrinsic
property of the three-dimensional TIM at any temperature, we use a theorem
derived by Suzuki.®*? This theorem expresses the time average of a CF (i.e.,
its infinite-time value) in terms of canonmical averages involving all the
constants of motion of the system considered.

Let us recall the usual definition of a general CF:

I%(r) = (A4 (H)AB) (17
and say that a dynamical variable 4 is ergodic if
L TMA N
lim T*4(r) = 0 (18)

Then Suzuki’s theorem may be expressed as follows: if {1,} are all the
motion invariants of the Hamiltonian H considered, i.c., K. H]=0, then

ad AAT AB)YI
i o = § OB
e =1 U
where, without loss of generality, all /, are assumed Hermitian (Iu+ =1)
and orthogonal to one another in the sense that

CANELMED (20)

(19)
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Now applying this theorem to the transverse CF IV (), one readily
gets

®© (A I >2 m
Ty = 3 17——3— »d
p= W/ oes

if one confines oneself to any subset {1,}
Eq. (21) we have used the definition

T2f(r) = (ASZ(1)ASE > = % DASH(nASFyexp(igRy)  (22)
b

(AS;~0)1)°
1 <IH2>

of constants of motion. In

2D

p=1lm

Equation (21) clearly shows that the nonergodicity of $* in the TIM is
proved provided there exists at least one motion invariant /; such that

Jlim Ty o(r) > S;_ol /Py #0 (23)

It should be specified that such an mequahty [here a “corollary” of Eq.
(19)] was derived and used by Mazur®” in his treatment of the one-
dimensional x—y model mentioned above.

The simplest subset of motion invariants that can be defined to apply
Eq. (21) or Eq. (23) to our purpose is

I,=(AHY" (24)
Then, since
(BSF)AHY = = g5 (S, a=x2 (25)
relation (23) may be cast into (I, = AH) the form
li S* 26
At Tamol) > <(AH)>[ >] =)

Consequently, if {$*) is temperature dependent in a given tempera-
ture region (and for a given spin lattice dimensionality), the transverse spin
component S* for the TIM is not ergodic in this temperature range.

Generally {(S*) cannot be evaluated exactly. For instance, in the
MFA (0) we have®

(8% =} tanh( fQ2/2), T>T, (27a)

(855, =Q/2V,, T<T, (27b)

According to Eq. (27a), Eq. (26) leads to
inf im I';Z (2 > 00)~Q% sech’( $£2/2), T>T, (28)

For the region T < T, we should take into account at least the first
correction {S*», to the MFA value {(S*>,, Eq. (26b). This value {§*>, of
order Z~! (Z being the number of interacting nearest neighbors) was
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calculated by Stinchcombe,®

V. R, coth( Buw,/2)
x 21 g1 q
EN=FW ;{ w,
aw,[  R-BF(1/4- RY) R,
Tt | 3 2/ @2 N 2 (29)
B | wl -8BV, V3(SH(1/4=R}) &
where
F2= Q%+ (2V(S7) (30a)
R,=F/2V, (30b)
and the RPA pseudospin wave frequency w, is defined by
wy = F? = 20V,(8%), (30c)

Equation (29) clearly shows that {8*)>~ {(§*), + {S*), is T dependent in
the region T < T,. Therefore, up to order Z ~!, we have

Em T2 #0,  T<T, 31)

The rigorous proof of the nonergodicity of S* requires a general
demonstration either of the property [see Eq. (25)]
d x
é—E<S >#0 all T (32)
or equivalently of the diagonality of S* with respect to the energy [see Eq.
25)].
A convincing argument about the validity of Eq. (32) may be found in

the examination of the values of the lower x, and upper x, bounds for
{8*» determined by Lam and Bunde.®>® These authors show that

xy =inf(1/2,T/4Q) (33a)
x, =Q7'\AT— V,/2) (33b)
where A, is the root of the equation
JOw) = @QT/Q)Q2TA, — V) (34
with
f(xtanhx) = (tanhx)/x (35)

In Egs. (33a) and (33b) the unique T-independent bound x,, = 1/2 for
T < T, (see Fig. 1 in Ref. 24) is the MFA result [see Eq. (27b) with the
necessary phase-transition condition /¥, < 1 for the TIM®]. As this
MFA result overestimates (S*) by a T-dependent quantity [see Eq. (29)
above and Fig. 3 in Ref. 24] we may conclude that, all other bounds of
(8™ being actually T dependent for 0 < T < o0, Eq. (32) is valid.
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In conclusion, we have shown that the nonergodic behavior of I';Z ()
is an intrinsic property of the three-dimensional TIM at any temperature T.
It should be added that the determination of all the motion invariants /, of
the TIM nonorthogonal to §* should lead to the plateau value reached by
I‘ * o(t) in the long-time limit. Further work in this direction is underway.

APPENDIX

We report here the explicit forms of the kernels G"Y(Z)(t) (v=2x,y,2)
in terms of the normalized CF I’“B(t) defined in Eq. (9) and of the following
equilibrium CF evaluated up to order Z ' {(Z being the number of
interacting nearest neighbors):

w?F?
T#(0) = i, tarﬁ?(%wq 72 * w02 (4] - 28V 03 0
V,PR
r(0) = § R tanlg( Bw,/2)

1| VPR PQw?—2V¢PR

B2l VoP(del - 28V,00) | -
where

R=2(S*) (A3)
P =205 (A4)

In Egs. (Al) and (A2), w, (the RPA pseudospin wave frequency) and F are
defined in Egs. (30a) and (30c), and

= (Vi - F%)pP? (A5)
The expressions of GY?(1) (y = x, y,z) are, respectively,

GO0 = = § BVIFOR 0T
-4 e V,_ THOT (02
-4 ; Vq%{ [r”(()) ]I‘” (0=
- B 00
-4 %] Vq,Vq_q,{ [r;,*(O) - & ]f;y_q,(z)f;,x(t)

- ER fix q,(t)f;,y(z)} (A6)
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X 4 \ZZ r X ~ZZ
GPO(t) = ¥ ; VITE(O)T) ()T ()
4 \ZZ i Z
+ ; VY, L (nI(r)
+4 5 V%{ [1‘”(0) ]I‘y" (0FE(1)
N &
PR 7 5
LR q«(t)TqX(t)}
4 'z R ZX X
-4 ; Vq,Vq_q,{[rq#(O) -& Jr O
R foy 7
PR foy. q,(t)r;,f(z)} (A7)
GO =-L 3y, V,{ [FZ,‘“(O) ~Ra- P)Jl:” (O)F=(1)
g N < ||t 4 g-qg\*)q
+ {r;,x(()) 7 )+ & ery AT
- [rg,y(O) I _(0) - }ryx q(t)rzy(z)}
~ 4 sy e 0 - Ra-pylie (2
N p 779 q-—q’( ) 4 ( ) q~q’( ) q’( )

7‘:,— 2 v2R [PI‘YZ FORE v q(t)Jrzy(t)

2l
*M

{ PEZ (1) + —1“” q(t)JI‘”(t) (A8)
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